MODULI SPACES OF COHERENT SYSTEMS OF SMALL SLOPE 

ON ALGEBRAIC CURVES 

S. B. BRADLOW, O. GARCIA-PRADA, V. MERCAT, V. MUNOZ, AND P. E. NEWSTEAD 

I Abstract. Let C be an algebraic curve of genus g > 2. A coherent system on C 

■ consists of a pair {E,V), where E is an algebraic vector bundle over C of rank n 
I and degree d and y is a subspace of dimension k of the space of sections of E. The 

^ ■ stability of the coherent system depends on a parameter a. We study the geometry 

D I of the moduli space of coherent systems for < c? < 2n. We show that these spaces 

■ are irreducible whenever they are non-empty and obtain necessary and sufficient 
I conditions for non-emptiness. 

o 

: 1. Introduction 

! Let C be a smooth projective algebraic curve of genus g > 2. A coherent system 

^ ' on C of type (n, d, k) is a pair (i?, V^), where E is a. vector bundle on C of rank n and 

degree d and is a linear subspace of the space of sections H^{E) of dimension k. 
Introduced in [H], [IB] and [TB], there is a notion of stability for coherent systems which 
permits the construction of moduli spaces. This notion depends on a real parameter 



(N 
> 



^\ a, and thus leads to a family of moduli spaces. As described in [3], there is a useful 

' relation between these moduli spaces and the Brill-Noether loci in the moduli spaces 

. of semistable bundles of rank n and degree d. 

■ In [S] we began a systematic study of the coherent systems moduli spaces, partly 

^ . with a view to applications in higher rank Brill-Noether theory. This study has been 

Q \ continued in [5J, where we have obtained substantial new information about the geom- 
etry and topology of the moduli spaces for k < n. 

^ i For k > n, much less is known (but see [19] and, for the case k = n + 1, [7] and [2|). 

^ I This case, however, is of considerable interest, not only in its own right, but also because 

^ it is linked with Quot-schemes and with morphisms of C into Grassmannians. The 
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latter connection is a direct generalisation of the classical link between linear systems 
and morphisms to projective space; coherent systems therefore have an important part 
to play in understanding the projective geometry of C. 

In the present paper, we consider coherent systems with d < 2n. Our results are 
essentially a generalisation and extension of those of [U [HI [15]. More precisely, we 
show that the moduli spaces of a-stable coherent systems are irreducible whenever 
they are non-empty and obtain necessary and sufficient conditions for non-emptiness. 
Even for Brill-Noether loci, the irreducibility result is stronger than those previously 
known. The condition for non-emptiness is identical with that for Brill-Noether loci 
except when C is hyperelliptic, d = 2n and k > n. The methods are generally similar 
to those of [H HH [15], except that we make essential use of extensions of coherent 
systems (rather than simply extensions of bundles). In particular, at crucial points 
in the proof of irreducibility and, in the hyperelliptic case, that of non-emptiness, we 
use the methods of [6] to estimate dimensions of spaces of extensions. Some of the 
estimates are quite delicate and require careful use of these methods. We also make 
use of some of the results of [3] to handle the case k < n, although the present paper 
can be read independently of [S]. 

In order to give full statements of our main results, we need to outline some defi- 
nitions and notations (for more details, see section [2]). We denote by G{a;n,d,k) the 
moduli space of a-stable coherent systems of type (n, d, k), where a G M is a parameter 
(with the necessary conditions d > 0, a > and a{n — k) < d for non-emptiness of 
G{a]n,d,k)), and by B{n,d,k) the Brill-Noether locus of stable bundles of rank n 
and degree d with h^{E) > k. We write l3{n,d,k) for the "expected dimension" of 
G{a; n, d, k), namely 

/3(n, d, k) = n'^{g - 1) + 1 - k{k - d + n{g - 1)). 

Note that the data for defining a coherent system {E, V) can also be expressed as an 
exact sequence 

— > D* — >V0O — > E — > F®T — >0, 

where D and F are vector bundles, T is a torsion sheaf and h^{D*) = 0. A coherent 
system [E, V) is said to be generated if F and T are both zero. Finally, we define 
U{n, d, k) and U^{n, d, k) by 

U{n, d, k) := {{E, V) : E is stable and {E, V) is a-stable for a > 0, a{n — k) < d} 

and 

[/*(n, d, k) := {{E, V) : {E, V) is a-stable for a > 0, a{n - k) < d} 

(see section [S] for further details). Clearly U{n, d, k) C f/*(n, d, k). 

We can now state our main results. 

Theorem 14.41 Suppose that < d < 2n and a > 0. // {E, V) E G{a; n, d, k), then 
h^{E*) = 0. Moreover, if G{a;n,d,k) ^ 0, then it is irreducible, and 

(a) if k < n, the generic element of G{a;n,d,k) has the form 

O^V0O^E^F^O, 

where F is a vector bundle with h^{F*) = 0; 
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(b) if k = n, the generic element of G{a; n, d, k) has the form 

where T is a torsion sheaf; 

(c) if k > n, the generic element of G{a;n,d,k) has the form 

i.e. {E,V) is generated; 

(d) dimG{a]n,d,k) = j3{n,d,k) except when C is hyperelliptic and {n,d,k) = 
(n, 2n, n + 1) with n < g — 1. 

Theorem 15.41 Suppose that C is non-hyperelliptic of genus g > 3, n > 2 and < 

d < 2n. Then U {n, d,k) ^ ^ if and only if either 

k <n -\ — {d — n), {n,d,k) ^ {n, n, n) 
9 

or 

{n,d, k) = {g~ l,2g - 2,g). 

In all other cases, 

• G{a; n, d,k) = ^ for all a > 0; 

• B{n,d,k) = 0. 

Theorem 15.51 Suppose that C is hyperelliptic, n > 2 and < d < 2n. Then 

(a) U (n, d,k) ^ ^ if and only if either 

< d < 2n, k < n -\ — (d — n), (n,d,k)^ (n, n, n) 

9 

or d = 2n, k < n; 

(b) if k > n, then 

- U{n, 2n, k) = 0; 

— f/''(n, 2n, k) (!) if and only if either k < n + - or k = n + 1 and 2 < n < 
9-1- 

In all other cases, 

• G{a; n, d,k) = (J) for all a > 0; 

• B{n,d,k) = 0. 

The case n = 1 is omitted from the last two statements since the resuhs then need 
modifying; of course this case is very simple. 

The contents of the paper are as follows. In section [2|, we give definitions and 
notations together with some basic facts which we shall need. In section [31 we generalise 
the results of jH HH [TB] to obtain a necessary condition for the existence of a-stable 
coherent systems. Section H] is devoted to a proof of irreducibility (Theorem 14. 4p . 
In section [5], we state our results on non-emptiness separately for C non-hyperelliptic 
(Theorem l5.4l) and for G hyperelliptic (Theorem lS.Sp : the proofs for G non-hyperelliptic 
are included. In the lengthy section [6] we prove Theorem [531 this requires some delicate 
constructions using the methods of [6j . Finally section [7] contains an example with 
d > 2n to show that the situation can then be more complicated. 
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We suppose throughout that C is a smooth projective algebraic curve of genus g > 2 
defined over the complex numbers. The cases g = and g = 1 have been investigated 
in [ini [m 112], where irreducibility has been proved with no restriction on the degree, 
but the non-emptiness results for the case g = are still not complete. We also assume 
that k> 1. 



2. Definitions, notations and basic facts 

We refer the reader to [6] for the basic properties of coherent systems on algebraic 
curves. For convenience, we provide here a synopsis of the main definitions and facts 
which we shall need. Recall that the slope fi{E) of a vector bundle of rank n and degree 
d is defined by /i(-E) '■= ^■ 

Definition 2.1. Let {E, V) be a coherent system of type (n, d, k). For any a G M, the 

aslope fia{E, V) is defined by 

fiJE, V) := — + a—. 

n n 

A coherent subsystem of {E, V) is a coherent system {E', V) such that E' is a subbundle 
of E and V G V (1 H^{E'). A quotient coherent system of {E, V) is a coherent system 
{E", V") together with a homomorphism {E, V) — >• {E", V") such that both E — > E" 
and V V" are surjective. 

Note that, with our definition of coherent system, a subsystem possesses a corre- 
sponding quotient system only ii V = V H H^{E'). 

Definition 2.2. A coherent system {E, V) is a-stahle (a-semistable) if, for every proper 
coherent subsystem {E',V'), 

fio.{E',V') < {<)fi^{E,V). 

There exists a moduli space G{a; n, d, k) of a-stable coherent systems of type (n, d, k); 
necessary conditions for non-emptiness are 

d > 0, a > 0, (n — k)d < a. 

Definition 2.3. A critical value for coherent systems of type (n, d, k) is a value of 
a > for which there exists a coherent system {E, V) of type (n, d, k) and a coherent 
subsystem {E',V') of {E,V) of type {n',d\k') such that ^ ^ ^ but n^{E',V') = 
fj.a{E, V). We also regard a = as a critical value. 

It is known ^ Propositions 4.2, 4.6] that, for any {n,d,k), there are finitely many 
critical values 



= ao < ai < . . . < aL < 



a k < n 
oo if k > n. 



Moreover, if A; < n and a > then G{a; n, d, k) = 0. For a, a' G (oj, Oi+i), we have 
G{a; n, d, k) = G{a'; n, d, k) and we denote this moduli space by Gi := rf, k). We 
shall be particularly concerned with the moduli spaces Gq ( "small" a) and Gl ( "large" 
a). If {E^V) G Go, we say also that {E,V) is Q'^ -stable (with similar definitions for 
-stable). 
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We denote by M(n, d) the moduli space of stable bundles of rank n and degree d, 
and by B{n, d, k) the Brill-Noether locus 

B{n,d,k) := {E G M{n,d) : h'^{E) > k}. 

We have, for any coherent system {E, V), [6, Proposition 2.5] 

• {E, V) G Go =^ E semistable; 

• E stable ^ {E,V) G Gq. 

The moduli space G{a; n, d, k) has the property that every irreducible component 
has dimension greater than or equal to the Brill-Noether number 

(1) p{n, d, k) ■=n'^{g-l) + l-k{k-d + n{g - 1)). 

This number is the "expected dimension" of G{a] n, d, k) in a stronger sense. For this, 
we define, for any coherent system {E, V), the Petri map of {E, V) as the map 

V O H'^{E* ®K) — > H\E ®E* ®K) 

given by multiplication of sections. This map governs the infinitesimal behaviour of 
the moduli space in the following sense [HI Proposition 3.10]: 

• Let {E, V) be an a-stable coherent system of type (n, (i, k). Then n, (i, k) 
is smooth of dimension l3{n,d,k) at the point corresponding to {E,V) if and 
only if the Petri map of {E, V) is injective. 

Definition 2.4. The coherent system {E, V) is generated if the evaluation map V ® 
O E is surjective. The bundle E is generated if {E, H^{E)) is generated. 

We shall make no explicit use of the flip loci Gf of [&i section 6] , so shall not describe 
them here. However we make extensive use of extensions 

(2) ^ (El, V,) {E, V) (^2, V2) — 0, 

where {Ei,Vi), (£'2,^2) are coherent systems of types {ni,di,ki), (7^2,^2,^2) respec- 
tively. Here we use the notations and results of P, section 3]. The extensions ([2]) are 
classified in the usual way by a group 

Ext\{E2,V2),{EuVi)). 

For dimensional reasons Ext''((£'2, V2), {Ei, Vij) = for g > 3, so we have [HI equation 
(8)] 

(3) dimExt^((E2, V2), {El, Vi)) = G21 + dimM°i + dimH^,, 
where 

(4) G21 := ni{n2 - k2){g - 1) + {k2 - n2)di + ^2^1 - kik2 
and 

= Hom((E2, V2), (El, V,)), ml, = Ext\{E2, V2), (Ei, V^)). 

The main purpose of introducing the number C21 is that frequently, although not 
always, Elgi and E[|^ are both zero and dimExt^((£'2, V2), (Ei, Vi)) is then given by 
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the purely numerical formula (jlj). Of course, we can define HI'j'2, 1H[^2 ^12 by 
interchanging the indices, and in particular 

(5) C12 = n2{ni - ki){g - 1) + (fci - ^1)^2 + din2 - kik2. 
Note [HI Corollary 3.7] that, with the notation of (I2l), 

(6) (3{n, d, k) = d^, ki) + /3(n2, ^2, ^2) + C'12 + C21 - 1. 

Note further [6], equation (11)] that, if A^2 is the kernel of the evaluation map V2 ® C — »• 
E2, then 

(7) nl^^ H^{El® N2®Ky. 

Putting (El, Vi) = {E2, 1^2) in dSD and using ([ID and (Hj), we get 

dimExt^((E, V), {E, V)) = (3{n, d, fc) +dimEnd(E, V) + dimExt2((E, V), {E, V)) - 1. 

Now, when Ext^((_E', V), (E, V)) = 0, there is no obstruction to the construction of a 
local deformation space for {E, V) and this local deformation space has dimension 

(8) dimExt\{E,V),{E,V)) = (3{n,d,k) + dimEnd{E,V) - 1 
(see the proof of [Bl Theoreme 3.12]). Note further 

Proposition 2.5. Ext^((£', V), {E, V)) = if and only if the Petri map of {E, V) is 
injective. 

Proof By ([ZD, Ext\{E, V), {E, V)) ^ H%E* ^ N ® K)* , where N is the kernel of 
the evaluation map V ^ O E. It follows from the evaluation sequence — > — > 
V0O ^ E that H°{E* ®N(»K) is the kernel of the Petri map, giving the result. □ 

We need one further important fact about the extensions ([2D. 

Proposition 2.6. // ^ is non-trivial and ai is a critical value such that {Ei,Vi) 
and {E2,V2) are both ai-stahle with /iQ.(i?i,Vi) = fiai{E2,V2) and ^ -{Ei,Vi) < 

i 

/i - (-^2, V2), then {E,V) is a~ -stable. 

i 

Since this is not explicitly stated in either [6] or [5] (although it is used in [5j), we 
give a proof. 

Proof. Suppose that (£", V) is a coherent subsystem of (i?, V) contradicting a~- 
stability. Then {E' .,V') also contradicts aj-stability of {E.,V). It follows that either 
{E' ,V') = {Ei,Vi) or {E',V') maps isomorphically to (,^2,^2). In the first case, a~- 
stability of {E, V) is not contradicted, while in the second ([2]) is trivial. □ 

3. Coherent systems for d <2n 

Our first object in this section is to obtain a necessary condition for the existence of 
a-stable coherent systems for d < 2n; it turns out that the condition is almost identical 
with that for stable bundles (see [Ill[15j). 

We start with the case d < 2n, when the results of p!3] carry over quite easily to 
give a necessary condition for a-semistabihty. 
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Lemma 3.1. Suppose that {E, V) is an a-semistable coherent system for some a > 
and that < d < 2n. Then 

(9) k <n + -(d-n). 

g 

Proof. If E is semistable, the result holds by [T^ Chapitre 2, Theoreme A.l]. 

If E is not semistable, then E has a stable quotient G with fJ^{G) < ^{E) < 2. Again 
by Chapitre 2, Theoreme A.l], we have 

h\G)<nG + -{dG-nG), 
9 

where riQ and dc denote the rank and degree of G. Let W denote the image of V in 
H^{G). Then, if k > n + ^{d — n) , we have 

dimly ^ 1 fdc A , 1 fd \ k 
<1 + - — -1 <1 + - --1 <-. 



nc g \nG ) g \n J n 

It follows that the quotient coherent system {G, W) contradicts the a-semistability of 
{E, V) for any a > 0. □ 

This lemma has the following interesting consequence, which has relevance for co- 
herent systems with k > n in general. 

Corollary 3.2. Suppose that k > n and that there exists an a-semistable coherent 
system {E, V) for some a > 0. Then 

d > min {2n, n + g{k — n)} . 

Proof. If k > n and < d < 2n, then the lemma implies that d — n > g{k — n). 
For (i = 0, {E, V) cannot be a-stable. The associated graded object must be a sum of 
coherent systems of types (1,0, 1) or (1,0,0) and hence k <n. □ 

In order to cover the case d = 2n, we shall make use of the dual span construction, 
which we briefly recall. Let {F, W) be a coherent system. Slightly modifying the 
notations of [HI section 5.4], we define a coherent system 

DiF,W) = {Dw{F),W'), 

where Dw{F) is defined by the exact sequence 

— > DwiPy — >W(^0 — >F 

and W is the image of W* in H^{Dw{P))- In particular we write D{F) for Dho(f){F)- 
If W ^ O ^ F is surjective, then the linear map W* — > W is induced from the dual 
exact sequence 

(10) — >F* — >W*®0 — >Dw{F) — ^0. 
Moreover, if /i°(F*) = 0, then W* maps isomorphically to W. 

For the canonical line bundle K, we obtain a bundle D{K) of rank — 1 and degree 
2^-2. Taking W = H^{K), ^ becomes 

(11) — >K* — >H^{Ky®0 — >D{K) — ^0. 
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It is known pTl Corollary 3.5 and Remark 3.6(i)] that, if C is not hyperelliptic, then 
D{K) is stable and h\D{K)) = g, while, if C is hyperelliptic, then D{K) = L^^^-i)^ 
where L is the hyperelliptic line bundle. In both cases, we obtain new a-stable coherent 
systems with d = 2n; to describe them, we use the following general lemma. 

Lemma 3.3. Let {E,V) be a generated coherent system of type {n,d,n+ 1) such that 
E is a semistable bundle. Then {E, V) is a-stable for all a > 0. 

Proof. Let {E, W) be a coherent subsystem of {E, V) with < rkF < n. Since E is 
semistable, fi{F) < fi{E). To show that fJ^aiE, W) < fia{E, V), it is therefore sufficient 
to show dim 14^ < ikF. Suppose dim > rkF. Then the image of V in H^{E/F) has 
dimension < Tk{E/F). Now d > 0, hence deg{E/F) > 0. It follows that the image of 
V does not generate E/F, which contradicts the hypothesis that V generates E. □ 

Corollary 3.4. If C is not hyperelliptic, then D{K, H^{K)) is a-stable of type {g — 
1, 2g - 2, g) for all a > 0. 

Proof. This follows immediately from the lemma and ffTTj) . □ 

Corollary 3.5. Suppose C is hyperelliptic and a is an integer, 1 < a < g — 1. Let L 
be the hyperelliptic line bundle and W a subspace of H^{L®"-) of dimension a + 1 which 
generates L®". Then 

• the coherent system (L®", W) is a-stable of type (a, 2a, a + 1) for all a > 0; 

• (L®^Vr) ^ D{L'',H^{L'')). 

Proof. The first statement follows at once from the lemma. For the second statement, 
note that we have an exact sequence 

— > M — >W(g)0 — > L®" — > 0, 

where M is a line bundle. But then M* = detL®" = L". We therefore have a dual 
exact sequence 

— > {L®y — ^W*®0 — ^ L"^ — > 0. 

Since h'^{L"') = a + 1, this must be the defining exact sequence for D{L'^, H^{L"')), 
which completes the proof. □ 

Remark 3.6. In Corollary 13. 5[ for any subspace W of dimension a + 1 which generates 
L®", the isomorphism class of (L®", W) is the same. 

Lemma 3.7. Let [E, V) be a coherent system and F a vector bundle. Suppose that F 
is generated and that h^{F*) = 0. Then 

Eom{D{F,H%F)),{E,V)) 

is isomorphic to the kernel of the homomorphism 

^ : H^{F) (g)V ^ H^{F ® E) 

given by multiplication of sections. 

Proof. We have an exact sequence of coherent systems 
(12) — ^ {F\ 0) — ^ {H\F)* ® O, H\Fy) — > D{F, H\F)) — > . 
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Taking Hom( (fT2|) . {E, V)), we get an exact sequence 

— >l{om{D{F,H\F)),{E,V)) — > }lom{{H%Fy O, H^F)*), {E,V)) 

^ Romi{F\0),{E,V))-^... 

Now ip can be identified with the natural hnear map 

Hom((i7°(F)*, V) — > Hom(F*, E) 

and this in turn can be identified with □ 

Corollary 3.8. Let {E, V) be a coherent system of type {n, d, k) with h^{E*) = and 
let 

m = dimHom(D(ir, H%K)), (E, V)). 

Then 

k < n -\ — (d — n + m). 
9 

Proof. Apply Lemma [3.71 with F = K. The condition h^{E*) = implies by Serre 
duality that = d + n(^ - 1). □ 

Remark 3.9. If is a semistable bundle with < d < 2n, then B.om{D{K), E) = 
since D{K) is semistable of slope 2. So m = and the corollary reduces to [HI 
Chapitre 2, Theoreme A.l]. 

We come now to the main result of this section. Although we have already proved 
it in the case d < 2n, for completeness we state it for the whole range d < 2n. 

Proposition 3.10. Let {E,V) be an a-stable coherent system of type {n,d,k) with 
0<d<2n. Then 

k < n -\ — id — n) 
9 

except when d = 2n and one of the following holds: 

• C IS not hyperelHptzc and {E,V) = D{K,H°{K)); 

• C is hyperelliptic and {E,V) = (L®",iy), where L is the hyperelliptic line 
bundle, a < g — 1 and W is a subspace of H^{L®°') of dimension a + 1 which 
generates L®"". 

Proof. For d < 2n, this follows at once from Lemma [3. II So we can suppose d = 2n. 
If E is stable, the proposition follows from the results of ^15j|. If E is not semistable, 
the proof of Lemma 13.11 still works. 

It remains to consider the case where E is strictly semistable with d = 2n. We can 
certainly suppose that 

(13) k> n+-(d-n) =n(l + - 

9 \ 9 

By Corollary 13.81 this implies that there exists a non-zero homomorphism 

(14) D{K,H%K))^iE,V). 
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Suppose first that C is not hyperelliptic. Then D{K) is stable; since E is strictly 
semistable, the homomorphism (I14p must be injective and indeed 

71 

damY{.om{D{K,H^{K)),{E,V)) < dimRomi D{K), E) < . 

9- 1 

Corollary 13.81 implies that 

, l\ n no 

k <n[l + - ] + ^ 



But now 



9/ 9(9-^) 9-^' 



l^aiD{K, H\K))) = 2 + a^— > 2 + a- 

g-1 n 



which contradicts the a-stability of (E, V) unless (E, V) = D{K, H^{K)). 

If C is hyperelliptic, we have D{K) = L®^9~i) and h°{L* ®E)<n, so Corollary E 
gives 

k < n\l + -] + -niq - 1) = 2n. 
"V 9) 9 ^ 

By f|T3l) . we deduce that there exists an integer a, l<a<g — 1 such that 

^(1 + -|>^>^|1+ 



a J \ a + 1^ 

By Clifford's Theorem (see [U Theorem 2.1]), we have h^{E ® L") < (a + 2)n\ so 
k ■ h\L^) = k{a + 1) > n{a + 2) > h%E ® L""). 



Hence, by Lemma 13.71 there exists a non-zero homomorphism of coherent systems 

D{L^,H\L^)) — y {E,V). 

Now 

fiJD(L'', H%L^))) = 2 + > 2 + 

a n 

By Corollary 13.51 this contradicts the a-stability of {E, V) unless 

{E, V) ^ D(L^ H^L"")) = (L®^ W), 
where W is any subspace of H^[L®"-) of dimension a + 1 which generates L®". □ 

4. Irreducibility of the moduli space for d <2n 

In this section we prove that the moduli space G{a; n, d, k) is irreducible for < c? < 
2n. We start with two lemmas. 

Lemma 4.1. Suppose that {E,V) is a coherent system of type {n,d,k) and consider 
the exact sequence 

(15) O^D*^V0O^E^F®T^O, 

where D = Dy{E), T is a torsion sheaf and F is a vector bundle. Suppose further that 
Hom(D(ir, H%K)), {E, V)) = 0. Then 

(a) h\D) = 0; 
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(b) if F = 0, the Petri map of {E, V) is injective. 

Proof, (a) Suppose that h^{D) ^ 0. Then there is a non-zero homomorphism 
D ^ K. Since V* generates D, the map V* — >• H^{K) is non-zero. Duahsing we 
obtain a diagram 

^ K* ^ H^{Ky®0 D{K) 

O^D*^ V®0 E 

and hence a non-zero homomorphism D{K,H^{K)) — > {E,V), contradicting the hy- 
pothesis. 

(b) Tensor the sequence V®O^E^T^{] with D and apply cohomology to 
get an exact sequence 

H^{D ®V)^ H\D (^E)^O. 

By (a), h^{D) = 0, which imphes that h^{D iS)V) = 0, hence h^{D O = 0. Now 
duahse the sequence f lTSj) . with F = 0, to get 

(16) O^E*^V*0O^D®T^O. 

Tensor this exact sequence with E to obtain the surjectivity of the map H^{E* ® 
E) ^ V* ^ H^{E). This map is dual to the Petri map at {E, V), which is therefore 
injective. □ 

Lemma 4.2. Let a > 0, d < 2n and k < n{l + i). Let {E,V) be an a-semistahle 
coherent system of type {n, d, k) . Then 

Rom{D{K, H\K)), {E, V)) = 0. 

Proof. We have 

fia{D{K, H\K))) = 2 + a-^ > 2 + a ( 1 + -] > fi^{E,V). 

Since D{K, H^{K)) and {E,V) are both a-semistable, this implies that 

}iom{D{K, H\K)), {E, V)) = 0. 

□ 

Now let {E, V) be a coherent system and let E' be the (subsheaf) image of the 
evaluation map V ® O ^ E. If h^{E'*) ^ 0, there exists a non-zero homomorphism 
E' — s> O. Since V ® O ^ E' is surjective, this induces a non-zero homomorphism 
V ^ O O, which necessarily splits; so E' admits O as a direct summand. It follows 
by induction that we can write E' = O^'^ © G where h^{G*) = 0. We have a diagram 
(extending the sequence (fT5l) ) 
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with exact rows and columns. Here F is a vector bundle and T, Ti, T2 are torsion 
sheaves; moreover G is the image oi Vi® O m. E and Ei is the saturation of G in 
E. Writing V2 := H^{0'''^) C H^{E2), we can interpret ffT7|) as an exact sequence of 
coherent systems 

(18) ^ (El, ^i) (E, r) (E2, V2) ^ 0. 

Lemma 4.3. Let < d < 2n and k < n + ^{d — n). Suppose that {Ei, Vi), {E2, V2) 

are of fixed types {ni,di,ki), (^2,^2,^2) with Ei 0, E2 0, h^{D*) = 0. Suppose 
further that h^{G*) = 0, where G is the (sheaf-theoretic) image ofVi^O in Ei. Then 
the diagrams [Tl\ ) in which {E, V) is a-stable for some a > depend on fewer than 
P{n,d,k) parameters. 

Proof. By Lemmas 14. 1( a) and l4.2t h^{D) = 0. Hence, from the cohomology sequence 
associated to the top row of flTTI) . h^{D (g) Ei) = 0; thus, by ([7]) and Serre duality, 

Ext\{Ei, Vi), {El, Vi)) ^ H\El ®D*® K)* = 0. 

It follows by ([8]) that the local deformation space of {Ei, Vi) has dimension 

Xi := P{ni, di, ki) + dimEnd(i?i, Vi) — 1. 

On the other hand, the Petri map of (£"2, V2) is clearly injective, so by ([8]) and Propo- 
sition [2]5l the local deformation space of {E2, V2) has dimension 

X2 := /5(n2, d2, k2) + dimEnd(i?2, V2) - 1. 

We need to consider only those extensions (fT5]l for which {E, V) is a-stable for some 
a. For fixed (i?i, Vi), {E2, V2), the group 

Aut(Ei, VI) X Aut(E2,y2)/{(A,A-i) : A G C*} 

acts freely on these extensions. Hence, in (1181) . {E, V) depends on at most 

X1 + X2 + dimExt^((E2, V2), {El, Vi)) - (dim Aut(Ei, Vi) + dimAut(E2, V2) - 1) 

(19) = P{ni, di, ki) + I3{n2, d2, ^2) + dimExti((E2, V2), {Ei, Vi)) - 1 

parameters. Now, by ([3]), we have 

dimExt^((E2, V2), {El, Vi)) = C21 + dimH°i + dimH^^. 
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Here H^^ = Hom((i?2 5 ^2)? (-^'ij^i)) = 0, since the existence of a non-zero homomor- 
phism would imply that {E, V) is not simple, in contradiction to [HI Proposition 2.2(ii)]. 
Moreover, by ([7]), 

= if°(E*®iV2®ir)*, 

where N2 is the kernel of the evaluation map O ^ E2, which is clearly 0. So f|T9|l 
becomes 

(20) /3(ni, di, h) + /?(n2, ^2, h) + C21 - 1. 

So, to prove that the number given by fl20l) is less than /3(n, c?, /c), it is enough by ([6]) 
to prove that C12 > 1. Now, by ([5]), 

C12 = n2{ni - ki){g - 1) + {ki - ni)d2 + din2 - kik2 

(21) = {di - ni + {ni - ki)g)n2 + ki{n2- k2) + d2{ki - ni). 

We can now check that the third term in ( l2TI) is positive and the other two are non- 
negative. 

• Since h^{G*) = and G 7^ 0, we have fci > rii and di > 0; also ^2 < "^,2, hence 
^ > ^. Now a-stability of (E, V) implies that < hence ^2 > — > 0. 
So d2{ki — Til) > 0. 

• Since ^2 < n2, ki{n2 — k2) > 0. 

• Since Lemma [4.21 applies to {E^ V), it follows from (fT8|) that 

Hom(D(ir,i/°(ir)),(Ei,\/i)) = 0. 

Since Ei/G is a torsion sheaf. El is a subsheaf of G* . Hence h^{El) = and it 
follows from Corollary 13.81 that ki < rii + ^{di —rii), so di—ni + {rii — ki)g > 0. 

This completes the proof of the lemma. □ 

Theorem 4.4. Suppose that < d < 2n and a > 0. If {E,V) G G{a;n,d,k), then 
h^{E*) = 0. Moreover, if G{a;n,d,k) 7^ 0, then it is irreducible, and 

(a) if k < n, the generic element of G{a; n, d, k) has the form 

(22) 0^1/®O-^E^F^0, 

where F is a vector bundle with h^{F*) = 0; 

(b) if k = n, the generic element of G{a; n, d, k) has the form 

(23) o^r®o-^E^r^o, 

where T is a torsion sheaf; 

(c) ifk>n, the generic element of G{a;n,d,k) has the form 

(24) O^D*^V0O^E^O, 

i.e. {E,V) is generated; 

(d) dimG{a;n,d,k) = P{n,d,k) except when C is hyperelliptic and {n,d,k) = 
{n,2n,n + 1 ) with n < g — 1. 



14 S. B. BRADLOW, O. GARCIA-PRADA, V. MERCAT, V. MUNOZ, AND R E. NEWSTEAD 



Proof. For the fact that h^{E*) = 0, see [5] Lemma 2.9]. 

Let Z he a component of G{a; n, d, k). Note that dimZ > f3{n, d, k). 

(a) Suppose k < n. By Lemma [4.31 the generic element of Z must have Vi) = 
in (fT8|) . so we have 

i.e. {E, V) is injective in the sense of [5| Definition 2.1]. The result now follows from 
[5l Theorem 3.3(iii) and its proof]. 

(b) Suppose k = n. By Lemma 14.3^ the generic element of Z has the form 
Now the proof of [6l Theorem 5.6] applies to show that G{a; n, d, k) is irreducible. 

(c) If k > n + ^{d — n) , then, by Proposition 13.10^ G{a; n, d, k) consists of a single 
point and (12^ holds. So suppose n < k < n + ^{d — n). Then, by Lemma H73| the 
generic element of Z has the form 

(25) {)^D*^V®O^E^T^Q. 
Moreover splits into two sequences 

(26) Q^D*-^V®0-^E'^Q 
and 

(27) O^E'^E^T^O, 
where E' is a vector bundle and T is a torsion sheaf. 

Let 

Z' := {{E, V) G G{a] n, d, k) : (E, V) is generated}. 

We shall prove that Z' is irreducible and that G{a\ n, d, k) \ Z' is of dimension < 
\5{n, d, k). Since every component of G{a] n, d, k) has dimension > [3{n, d, k), this will 
complete the proof. 

If {E, V) G Z', then E' = E in ( l26l) . Dualising this sequence, we get 

(28) ^ E* ^V* 0O ^ D ^0, 

where h^{D*) = from and h\D) = by Lemmas |0( a) andlH The bundles 
D of rank k — n and degree d for which h^{D) = h^{D*) = form a bounded set 
of bundles and are therefore parametrised (not necessarily injectively) by a variety X 
which is irreducible (or empty) (this follows from Theorem 2], which is essentially 
due to Serre; see also [16], Proposition 2.6]). Let V be the corresponding flat family over 
X X G and nx '■ X x G ^ X the projection. Since H^{D) = for all D in this family, 
{7rx)*1^ is a vector bundle over X whose fibre over any point of X corresponding to D 
is isomorphic to H^{D). Now consider the Grassmannian bundle of subspaces V* of 
dimension k of the fibres of {ttx)*T> and the open subset Y of the total space G of this 
bundle consisting of those V* for which {D,V*) is generated. We have then an exact 
sequence on F x C 

O^S* ^{ttx idcTV 0, 

where U is the pullback to F x C of the universal subbundle on G and vr : F — ^ X is 
the projection. The pair {S,U*) is now a family of coherent systems on G parametrised 
by the irreducible (or empty) variety Y. A coherent system {E, V) of type (n, d, k) is 
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isomorphic to a member of this family if and only if {E, V) is generated, h^{E*) = and 
h^{D) = 0, where D* is the kernel of the evaluation map V E. Since a-stability 
is an open condition and h°{E*) = h^{D) = for all {E,V) G Z', it follows that Z' 
is the image of an open subset of Y by some morphism and is therefore irreducible or 
empty. 

Now let 

Z" := {{E, V) E G{a; n, d, k) : {E, V) is generically generated}. 

Then Z" is an open subset of G{a] n, d, k) consisting of those {E, V) which have the 
form fl25|) . By Lemma [4. 3[ G{a\ n, d, k) \ Z" has dimension < i3{n, d, k). It is therefore 
sufficient to prove that dim(Z" \ Z') < j3{n, d, k). In fact, if {E, V) G Z" \ Z' then, in 
the sequences fl26|) and fl27|) . T has length t > and degi?' = d ~ t. For fixed t, the 
extensions fl2B]) are classified by an open subset of a Quot-scheme Q. Tensoring fl2B]) 
by D, we see from Lemmas 14.1( a) and 14.21 that h^{D (g) E') = 0. It follows that the 
dimension of Q at the point corresponding to fl2B]) is 

® E') = k{d - t) - n{k -n){g- 1). 

Taking account of the action of GL(V^) and fl27l) . we see that the dimension of Z" \ Z' 
at [E^ is at most 

k{d -t)- n{k -n){g-l)+nt- {k^ - 1) = /5(n, d, k) - {k - n)t. 

This completes the proof. 

(d) For < n, it is clear from fl2^ and fl25]) that the Petri map is injective at the 
generic point of G{a\ n, d, k). For n < k < n + ^{d — n) , the same follows from fl2^ 

and Lemmas 14.11 (b) and 14.21 Finally, for k > n + ^{d — n), G{a; n, d, k) consists of 
a single point and has rank n<g~l,d = 2n and k = n + 1 hj Proposition I3.10j 
moreover (3{n, 2n, + 1) = if and only if n = g — 1. □ 

Corollary 4.5. Suppose that < d < 2n. If Giin, d, k) ^ 0, then it is smooth, except 
possibly when C is hyperelliptic and {n, d, k) = {n, 2n, n + 1) with n < g — 1. 

Proof. For k < n, this is proved in [6l Theorems 5.4 and 5.6]. For n < k < 
n + ^{d — n), every element of GL{n,d,k) has the form fl25l) by [6l Proposition 4.4]. 
The result follows from Lemmas 14.1( b) and 14. 2[ 

Finally, suppose that k > n + ^{d — n) . Then Giln, d, k) consists of a single point 
{E, V) by Proposition 13.101 and we have an exact sequence fl2^ with D a line bundle. 
In the non-hyperelliptic case, D = K and £^ is a stable bundle of positive degree, so 
h^{D®E) = 0. In the hyperelliptic case, D = L"^ and E = L®" for some a < g—1, where 
L is the hyperelliptic line bundle. Under our hypotheses, this means that a = g — 1, 
so D®E^ (i:9)®(9-i) and again h^{D ^ E) = 0. It follows from ([24]) that the Petri 
map of {E, V) is injective; hence Giig — l,2g — 2, g) is smooth. □ 

Remark 4.6. If C is hyperelliptic and (n, d, k) = (n, 2n, n + 1), n < g — 1, the Petri 
map cannot be injective for dimensional reasons. In this case (3{n,2n,n + 1) < 
and GL{n,2n,n + 1) consists of the single point D{L'^ ^ H'^{L'^)), but we do not know 
whether or not it is reduced. 
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Corollary 4.7. Suppose < d < 2n. If B{n,d,k) ^ 0, then it is irreducible. 

Proof. Suppose < d < 2n and B{n,d,k) ^ 0. Then certainly Go{n,d,k) ^ 0. 
So, by Theorem 14.41 Go{n,d,k) is irreducible. Moreover, if g > 3, then (3{n,d,k) < 
— 1), so [HI Conditions 11.3] are satisfied and the result follows from [6], Theorem 
11.4]. If = 2 and k > d — n, the same argument works. If g = 2 and k < d — n, 
Riemann-Roch implies that B{n, d, k) = M{n, d) and is therefore irreducible. □ 

Remark 4.8. Corollary 14.71 is an improvement on results obtained in [H] and [5]. 

5. Non-emptiness 

We turn now to the question of non-emptiness of the moduli spaces. We begin by 
defining 

U{n, d, k) := {{E, V) E GL{n, d,k) : E is stable} 

and 

U^in, d, k) := {{E, V) : {E, V) is a-stable for a > 0, a{n - k) < d}. 
Note that U (n, d, k) can be defined alternatively as 

?7(n, c?, k) := {{E, V) : E is stable and {E, V) is a-stable for a > 0, a{n — k) < d} 

and in particular U{n,d,k) C U^{n,d,k). In the converse direction, note that, if 
{E,V) G U^{n,d,k), then E is semistable. However it is not generally true that 
U (n, d, k) = U'^in, d, k) and we can have U'^in, d, k) ^ (/}, U (n, d, k) = 0. Our object in 
this section is to determine when these sets are non-empty. 

We begin with a lemma. 
Lemma 5.1. Suppose that < d < 2n, k > n and B{n, d, k) ^ 0. Then U {n, d, k) ^ 0. 

Proof. If A; > n+^{d—n), then, by the only possibilities for E G B{n, d, k) 

are as follows: 

• if C is not hyperelliptic, E = D{K); 

• if C is hyperelliptic, E = L (the hyperelliptic line bundle). 

The result follows from Corollary 13. 4[ 

Suppose now that n < k < n + ^{d — n) and that B{n, d, k) is non-empty. If {E, V) 
is a coherent system with E G B{n, d, k), then {E, V) G Goin, d, k). Now, by Theorem 
14.4( c). GqIh, d, k) is irreducible and its generic element has the form 

(29) O^D*^V0O^E^O, 

where h°{E*) = and h^{D*) = 0; also h\D) = by Lemmas O^a) and SH As 
shown in the proof of Theorem 14.41 these extensions are parametrised by an irreducible 
variety. By openness of stability, the generic extension (129!) has E stable as well as 
{E,V) G GqIh, d, k). Furthermore D has rank k — n and its degree d satisfies 

d > g{k — n) + n > g{k — n) ^ — , 
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SO d > 2g{k — n). Now any stable bundle D of this rank and degree is generated by 
its sections and 

h^(D) = d - {g - l){k - n) = d - g{k - n) - n + k > k, h\D) = 0. 

We can therefore choose a subspace V* of H^{D) of dimension k which generates D, 
giving rise to a sequence (129|) for which hP{E*) = h^{D*) = 0, h^{D) = and D is 
stable. Hence the generic extension (!29|) also has D stable. 

Finally, let us see that, for a generic extension fl2I?]) . {E, V) G Giin, d, k) and hence 
{E, V) e U{n, d, k). Suppose that {E, V) ^ GL^n, d, k); then there is a proper coherent 
subsystem (E', V) such that ^ > ^. We can clearly suppose that {E', V) is generically 
generated. Since iE,V) E Goin.d.k), we have ^ < ^. Now let D' := Dv'{E'). We 
have {D'Y d D\hnt 

d' dn' ^ dn' d 

k' — n' n{k' — n') ~ n'k — nn' k — n 
Since degD* = —d, deg{D')* > — rf', this contradicts the stability of D*. □ 
We have a corresponding result for U'^{n, d, k). 

Complement 5.2. Suppose that < d < 2n, k > n and Go{n,d,k) ^ 0. Then 
U'{n,d,k) ^ 0. 

Proof. If k > n + ^{d — n) and {E,V) G GQ{n,d,k), then E is semistable and 
Proposition 13.101 implies that {E,V) is generated and k = n + 1. The result follows 
from Lemma [3731 U n < k < n + ^{d — n) , the proof of Lemma [STT] still works. □ 

We are now ready to prove our main results on non-emptiness. We will state the 
result separately for non-hyperelliptic and hyperelliptic curves and begin with a propo- 
sition which applies in both cases. 

Proposition 5.3. Suppose n > 2 and < d < 2n. Then U{n, d,k) ^ if and only if 
one of the following three conditions applies: 

• < d < 2n, k < n + ^{d — n) , {n,d,k) ^ (n, n, n); 

• C is non-hyperelliptic, d = 2n and either k < n + - or {n,d,k) = {g — l,2g — 

2,^7); 

• C is hyperelliptic, d = 2n and k < n. 

Proof. For k < n, this is proved in [Sj Theorem 3.3(v)]. 

For k > n, the stated conditions are precisely those for which B{n, d^k) ^ ^ p,[TH[T5] 
and the result follows from Lemma 15.11 □ 

Theorem 5.4. Suppose that C is non-hyperelliptic of genus g > 3, n > 2 and < d < 
2n. Then U (n, d,k) ^ if and only if either 

k <n-\ — {d — n), {n,d,k) ^ (n, n, n) 
9 

or 

{n,d, k) = {g- l,2g - 2,g). 

In all other cases. 
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• G{a; n, d,k) = (!) for all a > 0; 

• B{n,d,k) = 0. 

Proof. The first part is just Proposition 15. 3[ The last part follows from Proposition 
I3.10[ except for the fact that G{a;n,n,n) = for all a > 0, for which see [U Remark 
5.7]. □ 

Theorem 5.5. Suppose that C is hyperelliptic, n >2 and < d < 2n. Then 

(a) U{n, d,k) ^ (1} if and only if either 

< d < 2n, k < n -\ — (d — n), (n,d,k)^ (n, n, n) 

9 

or d = 2n, k < n; 

(b) if k > n, then 

- U{n, 2n, k) = 0; 

— U'^{n, 2n, k) ^ (I) if and only if either k < n + - or k = n + 1 and 2 < n < 

In all other cases, 

• G{a; n, d,k) = (!) for all a > 0; 

• B{n,d,k) = 0. 

We already have enough information to prove this except for showing that U'^{n, 2n, k) ^ 

when n < k < n + -. This will be done in the next section. 

— g 

Remark 5.6. The case n = 1 has been explicitly excluded from these statements as 
the results need modification. In this case the a-stability condition is redundant and 
the triples for which < d < 2 and U{l,d,k) ^ are (1,1,1), (1,2,1) and, for C 
hyperelliptic, (1,2,2). 

6. Proof of Theorem 15.51 

In this section we suppose that C is hyperelliptic and L is the hyperelliptic line 
bundle. We assume that n > 2 and investigate by a sequence of propositions the case 

71 

(30) d = 2n, n < k <n+ -. 

9 

Proposition 6.1. Suppose C is hyperelliptic. Then f/^(n, 2n, n + 1) 7^ 0. 

Proof. Let E = L®". Then E is generated and we can choose a subspace V of 
H^{E) of dimension n + 1 such that [E, V) is generated. The result follows from 
Lemma 13. 3[ □ 



Remark 6.2. Proposition 16.11 applies even when n + l>n + ^,in which case it has 
already been proved in Corollary 13. 5L 



Now suppose that k>n + 2 and write = + r, so that (!30l) becomes 

n 

9 



d = 2n. 2<r <-. 
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Proposition 6.3. Suppose C is hyperelliptic and 2 < r < Then U'^{n, 2n, n+r) ^ 
0. 

Proof. We consider extensions 

(31) ^ (El, Vi) ^ {E, V) ^ {E2, V2) 0, 
where {Ei,Vi) has type 

(ni, di, ki) = {n — l,2n — 3,n + r — 1) 

and {E2,V2) has type (1,3,1). Certainly (.^2,^2) G f/(l,3, 1). On the other hand 
di < 2ni and 

n — 2 1 / , \ 

(32) ki = rii + r < rii ^ = rii H — [di — rii). 

9 9 

So, by Proposition [531 "we can choose (-Ei, Vi) G t/(ni, rfi, /ci). To show that there exist 
non-trivial extensions (1311) . it is sufficient to prove that C21 > 0. In fact, by (jl]), 

C21 = ni{n2 - k2){g - I) + {k2 - n2)di + d2ni - kik2 

n — 2 

(33) = 3(n - 1) - (n + r - 1) = 2ra - 2 -r > 2n - 2 > 0. 

9 

Suppose now that (13T]) is non-trivial. If = ^, then 

/^T.N 2n — 3 n n + r — 1 n 

/i«,(Ei, 1^1) = + — = 3 + - = fi^SE2, V2). 

n — 1 r n — 1 r 

Since fi^-{Ei,Vi) < /i^- (£'2, V2), it follows from Proposition 12.61 that {E,V) is a~- 
stable. 

Now consider the extension of bundles 

(34) — > El — > E — ^ E2 — >0 

underlying flHT]) and suppose ffist that this extension is non-trivial. If F is a subbundle 
of E which contradicts semistability, then certainly F <^ Ei. Moreover, if F E2 is 
not surjective, then we have an extension 

— > Fi — > F — > F2 — ^0 

with degF2 < 2 and Fi C Ei, so ^{F) < 2. It follows that, to contradict semistability 
of -E, we must have 

— > Fi — > F — > E2 — ^ 0. 
Moreover Fi ^ since flM|) does not split. Since Ei is stable, /i(-Fi) < Ai(-Ei) < 2, so 

degFi < 2rkFi - 1, degF = degFi + 3 < 2rkF. 
So E is semistable. 

To complete the proof in this case, it is sufficient by Complement 15.21 to show that 
{E,V) G UQ{n,2n,n + r). If this is not the case, there exists a proper coherent 
subsystem (F, W) of type {np, dp, kp) of (F, V) with dp = 2np and ^ > But in 
this case {E, V) cannot be a-stable for any a > 0, contradicting the fact that {E, V) 
is a;~-stable. 
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It remains to prove that there exist extensions (pTl) such that does not spht. 
Now, by [8, Corollaire 1.6] (see also [HI equation (7)]), we have an exact sequence 

RomiV^, H\E,)/V,) Ext\{E2, V2), {E,, V,)) Ext\E,, E,). 

It is therefore sufficient to prove that 

dimExt^((E2,'^2),(^i,'^i)) > dim}iom{V2,H\Ei)/Vi). 

Now, by ([33]), 

dimExti((^2, V2), {El, Vi)) > C21 = 2n - 2 - r, 

while 

dimYlom{V2,H^{Ei)/Vi) = h\Ei) -{n + r-1). 

By [m Chapitre 2, Theoreme A.l], we have 

1 n — 2 

h^iEi) <ni + -idi - ni) = n - IH , 

9 9 

so 

n — 2 

dimYiom{V2,H\Ei)/Vi) < — r < C21 < dimExti((E2, ^2), (^1, K))- 

□ 

Remark 6.4. It is perhaps of interest to note that the coherent systems {E, V) con- 
structed in this proof are not themselves in U^{n,2n,n + r). We need to use Com- 
plement 15.21 to prove the proposition. Moreover the hypothesis r < is used in an 
essential way (see fl32l) ) and the method of proof does not work without it; in fact, 
without the hypothesis, there are no flips. 

It remains to consider the cases r = and r = -. In other words, we have two 

9 9 ' 

cases 

n = gr + 1, r >2 

and 

n = gr, r > 2. 

Proposition 6.5. Suppose C is hyperelliptic andr > 2. Then W^^gr + l,2gr + 2, gr + 
r + 1) ^0. 

Proof. We consider extensions 

(35) ^ (El, Vi) {E, V) {E2, V2) — 0, 

where (^2,1^) = D{L9-\ H°{L3~^)) and 

(El, ^i) G W{g{r - 1) + 2, 2g{r - 1) + 4, g{r - 1) + r + 1), 

which is non-empty by Propositions 16.11 and 16.31 By Theorem 14.4( c). we can suppose 
further that {Ei,Vi) is generated. Note also that (^25^2) is generated and has the 
form (L®^^~^\ V2) with dimV2 = g, and belongs to (/'^{g — l,2g — 2,g) by Corollary 
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We show first that there exists a non-trivial extension (1351) . In fact, by (jlj), 
C21 = ni{n2 - k2){g - I) + {k2 - n2)di + d2ni - kik2 
= -ni{g - 1) + 2nig - kig 

= ni+g{ni-ki)=g{r-l) + 2-g{r-l) = 2. 

From now on we suppose that (1351) is non-trivial. Let {E', V) be a coherent subsys- 
tem of {E, V) of type (n', d', n' + r') which contradicts 0^-stability. Then certainly E' 
is semistable of slope 2, so d' = 2n', and 



(36) — > 

n' n gr + 1 

From ( l35l) . we have an extension 

(37) ^ (E;, Vi) (E', V) iE'„ V^) 0. 

Since Ei, E2 are semistable of slope 2, so are E[ and E'2. For i = 1,2, denote the 
type of {El, V-) by {n[, 2n[, n[ + r[). Note that n'^ 7^ 0, for otherwise ( 137|) would require 
either r' < 0, contradicting fl5Bl) . or {E' ,V') = (£^2,^2), in which case it would split 
the sequence ( l35l) . Since {Ei,Vi) is 0"*"-stable, we have 

(38) !i<-i_ r-1 



n[ rii g{r — 1) + 2 

If [E'2,Vl) ^ {E2,V2), then < 0; this, together with ([38D, contradicts Hence 
(137|) becomes 

(39) (E;, K) (E', y') ^ (E2, ^2) ^ 0, 

from which it follows that 

n'l = n' ~ g + 1, r[ = r' — 1. 
A simple calculation shows that equations ( l36l) and ( l38i) can be written as 



(40) n[ <r[g + l + - 

and 

2r; 



r — 1 

Since r' < r, (140|) implies that n'^ < r^(yf + 1. By equation (HTl) . this is only possible 



(41) n;>r;(7 + 

Since 
when 

(42) n[ = r[g + l, r[<^-^. 

Note that (ii^^,Vi') is a coherent subsystem of {Ei,Vi). We must have V^/ = Vi H 
H^{E[), otherwise we could replace V( by a subspace of H^{E[) of greater dimension, 
which would contradict (HTl). Thus we have an extension 



(43) O^iK, VI) {E,, V{) {F, W) — . 0. 

We now count parameters to show that the {Ei, Vi) occurring in an extension fj43l) are 
not generic. 

We begin with two lemmas. 
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Lemma 6.6. {E[, V{) is generically generated and -stable. 

Proof. If r[ = 0, then, by fj42l) . {E[, V() has type (1, 2, 1) and the result is immediate. 
So suppose r[> 1. 

If {E[,Vi) is not generically generated, it possesses a coherent subsystem {E'{,Vi) 
with TkE'( < n[ ~ 1 = r[g. By a-stability of {Ei, Vi) for large a, this implies 

r[g + l + r[ ^ g{r - 1) + r + 1 
r[g ~ g{r-l) + 2 

which is evidently false. On the other hand, if {E[, V() is not 0"'"-stable, there exists a 
proper coherent subsystem {E'{, V(') of type (n'/, 2n'(, n'( + r") such that 



n'l n'l r'^g + 1 ' 



1. e. 



(44) n'l < r'l (^g + 

By a-stability of {Ei, Vi), we have also 

r'( r — 1 



n'l g{r-l) + 2' 
i. e. 

(45) n'l > r'l (^g + 

Now nl < n'l, so 



+ Y J < ^1 - 1 = r^g. 
Hence r'l < r'^ and (l44l) and (l45l) give a contradiction. □ 
Lemma 6.7. (F, VT) zs generated and Yiom{D{K, H°{K)), (F, PF)) = 0. 

Proof. Since (Fi, Vi) is generated, so is (F, W). Now suppose that : /^(if, H^{K)) — 
{F,W) is a non-zero homomorphism. Since D{K, H^{K)) is a-stable for a > 0, and 
F is semistable of slope 2, the image of is a coherent subsystem [F', W) of type 
{npi, 2nFi, np' + rp') of (F, W^) with 

(46) rip, <g - 1, r^/ > 1. 

The puUback of (F', W) to (Fi, 1/i) in (03]) has type 

(niT' + n'l, 2{npi + n[),np' + rpi + n'^ + r'J. 

Now a-stability of (Fi, Vi) gives 

rpi + r'l ^ r — 1 



1. 6. 



npt + n'^ g{r — 1) + 2 
np> + ri'i > {rpi + r^) ^^51 + • 
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Since n'^ = r[g + 1 by (142|) . this is equivalent to 

/ 2 \ 2r' 

nF' + l>rF'{g + + 

\ r — 1 J r — 1 

This contradicts ( H6i) . □ 
For our parameter count, we now estabhsh three claims. 

Claim 6.8. For fixed {E[, V(), {F, W), the non-trivial extensions for which {Ei, Vi) 
is generated and a-stahle for some a depend on at most 



cJP -dimAut(F,iy) 



parameters, where C^—' denotes the value of C21 for the extensions 
Proof. By (IH]), we have 

dimExt^((F, W), {E[, = + dimH^i + dimH^^, 

where 

= Hom((F, W), {E[, VI)), dimM^, = Ext^iF, W), {E[, ¥()). 

Now M.21 = since otherwise fH3|) would give a contradiction to the a-stability of 
{Ei,Vi). On the other hand, by ([7]) and Serre duality, 

Mj-, = h\e[^n;), 

where N2 is defined by an exact sequence 

— > N2 — >W0O — > F — ^0. 

(Note that {F,W) is generated by Lemma [6. 71 ) By Lemmas 16.71 and 14.1( a). we have 
^^(^2) — 0- Lemma [6.61 we have an exact sequence 

— ^ iVi — >V;(g)0 — >E[ — >Ti — > 0, 

where Ti is a torsion sheaf. Hence h^{E[ N2) = 0. Finally, since we are assuming 
{El, Vi) is a-stable for some a, the action of Aut(F, W) on the extensions ( H3l) is free. 
The result follows. □ 

Claim 6.9. {E[,V() depends on at most 

(3{n\,2n\,k[) 

parameters. 

Proof. Since {E[,Vl) is 0"'"-stable by Lemma 16.61 it is sufficient to show that the 
Petri map is injective. This follows from Lemmas 14.1( b) and 14. 2 1 and ( l42l) . □ 

Claim 6.10. {F,W) depends on at most 

f3{ni - n[, 2ni - 2n[, h - k[) + dim Aut(F, W) - 1 

parameters. 
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Proof. By Lemmas 16.71 and 14.1( b). the Petri map of {F,W) is injective and so, by 
Proposition EH Ext'^{{E,V), {E,V)) = 0. It follows from that any {F,W) has a 
local deformation space of dimension 

dim Ext ^((F, W), {F, W)) = (3{ni - n[, 2ni - 2n[, ki - k[) + dim Aut(F, W)-l. 

The result follows. □ 

Completion of proof of Proposition l67R By the above claims, the {Ei,Vi) for which 
{E[, V() exists satisfying fj40|) and fHTl) depend on at most 



(3{n[, 2n[, k[) + f3{ni - n[, 2ni - 2n[, ki - k[) + - 1 

parameters. By ([6]), this number is equal to 

P{ni,2ni,ki) - 



If > 0, it follows that the general {Ei, Vi) contains no {E[, V{) with these prop- 

erties. Hence {E, V) contains no subsystem [E', V) contradicting 0+-stability. The 
result then follows from Complement 



It remains to calculate . In fact, by ([5 



= ('^i ~" ~ K)i9 "~ 1) + 2(?^i - n[){k[ - n\) + 2n\{ni - n\) - k[{ki - k[) 

= (ni - n[)[in[ - k[){g - 1) + 2k[] - k[{k, - k[) 

= {g{r -l-r[) + l){-r[){g - 1) + k[{2n^ - 2n\ -k^ + k[) 

= -(r - 1 - r[){g - l)r[g - r[{g - 1) + {r[{g + 1) + l){{g - l)(r - 1 - r[) + 1) 

= {r~l-r[){g-l){r[ + l) + 2r[ + l>Q. 

□ 

Proposition 6.11. Suppose C is hyperelliptic and r >2. Then U^{gr, 2gr, gr + r) ^ 0. 

Proof. The proof is similar to that of Proposition [631 we outline below the necessary 
changes. 

We consider sequences ( 135|) . where (i?2, V2) = D{K, H^{K)) as before, and now 

(El, V,) e U\g{r - 1) + 1, 2g{r - 1) + 2, g{r - 1) + r). 

This space is non-empty by Propositions 16.11 and 16.51 We have 

C21 = ni + g{ni - ki) = 1, 

so non-trivial extensions fl55]) exist. After modifying fl5Bl) and fl55]) . we proceed to fHU]) 
and (HTl), which become 



n'l < r[g + 1, n[ > r[g + 

I — 1 

So again n[ = r[g + 1, where now r[ < r — 1. In fact, since {E[, V() 7^ {E, V) in (139 
and (£"1, Vi) is generated, r[ < ri = r — 1. 
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The proofs of Lemmas 16.61 and 16.71 are the same as before, replacing g{r — 1) + 2 hj 
g{r — 1) + 1 with consequential changes which don't affect the argument. The only 

remaining thing to be checked is that cjf^ > 0. In fact 

= {n,-n[)[{n[-k[){g-l) + 2k[]~k[{h-k[) 

= g{r-l- r[){-r',){g - 1) + k[{2m - 2n[ -k^ + k[) 

= _(r - 1 - r[){g - l)r[g + {r[{g + I) + l){g - l)[r - I - r[) 

= (r-l-r;)((7-l)K + l)>0. 

□ 

Proof of Theorem \5.5[ (a) is just Proposition 15. 3[ (b) follows from Propositions 16. ![ 
16.31 16.51 and 16.111 in the case k < n + ^ and from Corollary 13.51 if > n + ^. The last 
part follows from Proposition 13.101 □ 

7. An EXAMPLE WITH d > 2n 

We have seen that, when d <2n and k > n and a-stable coherent systems exist for 
some a (i. e. when holds), then there exist coherent systems {E,V) such that E 
is stable and {E, V) is a-stable for all a > 0. The same applies when d = 2n if C is 
not hyperelliptic. If C is hyperelliptic of genus g > 3 and a > 2, the coherent systems 
(L®", W) of type (a, 2a, a + 1) are a-stable for all a by Corollary 13.51 but L®" is only 
semistable. Moreover, when d < 2n, there is no case in which there exist semistable 
bundles but a-stable coherent systems do not exist for large a. The object of this 
section is to construct such examples, necessarily with d > 2n. 

Lemma 7.1. Suppose {E,V) is a coherent system of type {n,d,k) with h^{E*) = 
and 

(47) n+-{d-n)<k< 



9 9-^ 
Then [E, V) is not a-semistahle for large a. 

Proof. Suppose P7|) is satisfied. By Corollary 13.81 there exists a non-zero homomor- 
phism 

D{K,H\K))^{E,V). 
By Corollaries 13.41 and 13.51 D{K, H^{K)) is a-stable for all a > 0. Moreover 

H%K))) = 2 + >- + a- 

g — I n n 

for sufficiently large a by (H71) . This contradicts the a-semistabihty of {E, V) for large 
a. □ 

Proposition 7.2. Suppose that C is not hyperelliptic and 3 < r < (7 — 1. Then there 
exists a coherent system {E, V) of type 

(48) {rg - r + l,2rg - 2r + 3,rg + 1) 

with E stable. Moreover ( f7?| j is satisfied. 
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Proof. It is clear that fHTl) follows from psj) and the assumption r > 3. 

Consider the extensions 

(49) D{Kf' © P2) E -^0,^0, 

where pi,p2, qeC. We take V to be the image of H°{D{K)®'' © C(pi,p2)) in 
The fact that {E, V) is of type ( HHll is clear. Since D{K) and C(pi,p2) are both stable 
of slope 2, E' fails to be stable only if it admits either D{K) or 0{pi,p2) as a quotient. 
Equivalently E fails to be stable only if some factor of D{K) or 0{j)i,p2) splits off 
( H9|) . Now the extensions fHOj) are classified by elements 

e= (ei,...,e„e,+i) G Exti(0„ D(K)®'- © pa)) 

= Exti(Og, D(ir))®'- © Exti(0g, 0(pi,P2)). 

Since D{K) and 0{pi,p2) are stable and non-isomorphic, it follows that is stable if 
ei, . . . , are linearly independent and Cr+i ^ 0. Since 

dimExt\Oq, D{K)) = g - 1, 

it is possible to choose such ci, . . . e^, e^+i whenever r < g — I. This completes the 
proof. □ 
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